We present an electrodynamic model of strongly coupled metamaterial/intersubbandtransition systems that can be used to predict and maximize Rabi splittings. This model can also be used to optimize metamaterial structures that enhance second-order nonlinear processes.
Introduction
Strong light-matter coupling is a process where energy is periodically exchanged between optical dipoles (e.g. intersubband transitions in quantum wells, ISTs in QWs) and a cavity mode (e.g. a two-dimensional periodic metamaterial), and the coupling mechanism dominates all other loss mechanisms [1] [2] [3] [4] . Strong coupling manifests itself in the frequency domain as a splitting of the single bare cavity resonance into two polariton branches with separation R  2 , with R  being the Rabi (angular) frequency [4] . In the context of metamaterials coupled to intersubband transitions, previous modeling has dealt either with a quantum mechanics approach [4, 5] or, recently, with a classical electrodynamic approach [6] . The latter explains in a phenomenological manner the effect of the metamaterial resonator geometries (exhibiting the same bare cavity resonance frequency) on the Rabi splittings. Such a model can ultimately be used to maximize the strong coupling process.
Strongly coupled metamaterial-IST systems may lead to interesting functionalities in the infrared portion of the electromagnetic spectrum. For example, such systems possess large nonlinearities and may thus lead to the development of easily fabricated sources across much of the infrared spectrum through proper choice of QW and metamaterial resonator designs, as it was recently suggested in [7, 8] .
In this paper, we first describe an electrodynamic model [6] based on the electrostatic modeling of the resonators' near fields that are responsible for the coupling to the ISTs. We find that the key parameter describing the strong light-matter coupling is the resonator's capacitance in the absence of QWs. Then, we show that the giant nonlinear susceptibilities characteristic of ISTs in QWs along with the metamaterial near-field enhancements lead to enhanced second order nonlinear processes, e.g. second harmonic generation.
Electrodynamic modeling of strong coupling and enhanced second harmonic generation capabilities
The system geometry under analysis is illustrated in Fig. 1(a) ; it consists of a metamaterial composed of subwavelength metallic resonators placed on top of a semiconductor heterostructure. Due to the IST dipole selection rules, only light polarized along the z direction (i.e. the QW growth direction) can promote electrons between different subbands. When illuminated at normal incidence, substantial z-polarized electric fields are generated only in the near field of the metamaterial resonators [6] . For this reason, we consider an equivalent electrostatic problem [6] that allows us to obtain an approximate formula for the total capacitance of the system ms IST eq ms ms 1 "coupling coefficient" that depends only on the QW design. This capacitor formula, arising from electrostatic considerations, leads to the equivalent circuit network model shown in Fig. 1(a) , where the physical correlation between the circuit model and the real structure is explicitly marked. The circuit parameters are obtained from fullwave simulations of a metamaterial without QWs under normal incidence illumination [6] . From these results, we extract the equivalent circuit parameters for the metamaterial. The value of IST eq C in the presence of QWs is then simply obtained using the equation above -no further fitting is performed. We then consider the dogbone resonator shape in [6] and compare the polariton eigenfrequencies using the results from full-wave simulations and our circuit 320 Fig. 1(b) . The circuit model shown in Fig. 1(a) can be used to increase the strong coupling process by increasing the value of ms C . This represents a promising strategy for the optimization of metamaterial structures for the enhancement of second order nonlinear processes of ISTs in QWs. These processes are characterized by an anisotropic second order susceptibility tensor with the only non-zero element being   2 zzz  (see [8] and references therein). At the pump resonance, and for the parameters reported in [8] ,   , which is a very large value when compared to conventional nonlinear crystals whose second order susceptibility is on the order of a few to tens of pm/V. We consider the metamaterial structure in [8] and simulate the nonlinear response of the structure when illuminated with a normally incident pulsed plane wave. Using an appropriate metamaterial geometry we can rotate the polarization of the second harmonic by 90 degrees with respect to the fundamental pump pulse and thereby decouple the two signals in far field (more details in [8] ). We show in Fig. 1(c) the quadratic dependence of the intensity at the second harmonic on the intensity at the pump frequency. These simulation results are in agreement with the expected behavior for nonlinear systems and with preliminary experimental results (not shown). We achieve a second harmonic conversion efficiency of about 1.3×10 -2 W/W 2 for the transmitted pulse, a remarkably large value given the QW subwavelength extent (about 1/15 th of the free space wavelength of 10 µm). In conclusion, the strong coupling process can be increased by i) increasing the metamaterial resonators' capacitance and ii) optimizing the QW design. This in turn may lead to optimized metamaterial structures that enable the enhancement of second order nonlinear processes.
